Abstract -A priory estimates of the stability in the sense of the initial data of the difference scheme approximating weakly compressible liquid equations in the Riemann invariants have been obtained. These estimates have been proved without any assumptions about the properties of the solution of the differential problem and depend only on the behavior of the initial conditions. As distinct from linear problems, the obtained estimates of stability in the general case exist only for a finite instant of time t t 0 . In particular, this is confirmed by the fact, that nonfulfilment of these stability conditions lead to the appearance of supersonic flows or domains with large gradients. The questions of uniqueness and convergence of the difference solution are considered also. The results of the computating experiment confirming the theoretical conclusions are given.
Introduction
In investigating the difference schemes, primary consideration is given to the fundamental question of stability of the difference solution in the sense of the small perturbations of the input data. By now, the most complete results have been obtained for computational methods approximating the linear problems of mathematical physics [1, 2] .
The fundamental difference of the investigation of stability in the nonlinear case is due to the necessity of additionally investigating the properties of all difference derivatives entering into the nonlinear part of the difference equations. In addition, we don't impose any limitations on the behavior of the nonlinear coefficients of the original difference problem, except for the limitation on the initial data, when all parameters of the nonlinear problem are known. In nonlinear problems, such irregularities as shocks, boundary layers, etc. can arise independently of the input data smoothness. The first rigorous results of investigating the stability of the difference schemes for the nonlinear transfer equation, the Burgers equation, and the quasilinear parabolic equation were obtained in [3, 4] .
The aim of the present work is to investigate the stability in the sense of the initial data of the difference scheme approximating the equations of a weakly compressible liquid in the Riemann invariants.
The conditions imposed on the initial velocity and pressure that guarantee subsonic flows have been obtained. The computating experiment has confirmed the theoretical conclusions that the violation of the conditions obtained results in the appearance of supersonic flows or an ill-posed statement of the boundary conditions. This paper is organized as follows: Section 2 is devoted to the initial boundary value problem definition for the system of weakly compressible liquid equations. For the system of equations in the Riemann invariants the linearized difference scheme is used. The conditions for the initial data that guarantee stability of the difference scheme are introduced. In Section 3, auxiliary results for the proof of the stability are obtained. In Section 4, the stability of the difference scheme is investigated. A series of stability theorems are proved. The uniqueness of the solution of the difference scheme is studied. Section 5 is devoted to the investigation of the convergence of the difference scheme. Section 6 presents the results of the numerical experiment. In the last section, some conclusions are given.
Problem statement
In the rectangle (x, t) ∈Q T ,Q T =Ω × [0, T ], Ω = {x : 0 x l}, we consider the following initial boundary value problem for the system of weakly compressible liquid [5] :
Here υ = υ(x, t), p = p(x, t) are the pressure and velocity respectively, ρ = const > 0 is the liquid density, c = const > 0 is the sonic speed. Let us define the vector u = (υ, p) and the matrix A = {a ij } 2 i, j=1 with components a 11 = a 22 = υ, a 12 = 1/ρ, a 21 = ρc 2 . According to [5] , system (2.1) can be written in the canonical form of the first-order systems of differential equations
The eigenvalues λ 1,2 = υ ± c of the matrix A are found from the characteristic equation |A − λE| = 0. Since the eigenvalues λ 1 , λ 2 are real and different, the system of equations (2.1) is hyperbolic. According to [5] , the boundary conditions (2.3) will be set correctly only for subsonic flows |υ| < c, (x, t) ∈Q T .
Suppose, in addition, that the initial conditions (2.2) satisfy the inequalities 
In the domainQ T , we introduce uniform space-time gridω =ω h ×ω τ :ω h = {x i :
with constant steps h and τ in both directions. Hereinafter, the usual notations of the difference scheme theory are used [1] :
On the gridω the differential problem in the Riemann invariants (2.6) -(2.8) is approximated by the linearized difference scheme
where the invariants r 
Auxiliary results
In investigating the stability of the difference problem (2.9)-(2.11), we will use the following canonical forms of the two-point difference schemes for the first boundary value problem:
Then for the solution of problem (3.1) the estimate
If |y i | reaches maximum for i = i 0 , then max 
The proof of Lemma 3.2 is similar to the proof of Lemma 3.1.
Lemma 3.3 [3] . Let the conditions
be met. Then from the inequalities a n a n−1
the estimates a n a 0
follow.
Stability investigation
Along with problem (2.9) -(2.11), we consider the perturbed problem
Let for the perturbed initial dataυ 0 ,p 0 the inequalities
Subtracting the corresponding equations (2.9) -(2.11) from equations (4.1) -(4.3), we obtain the problem for the perturbations
Hereinafter we will use the following grid norms:
Definition 4.1. The difference scheme (2.9) -(2.11) is absolutely stable in the sense of the initial data with respect to the uniform norm, if independent of the choice of τ , h and the initial data p 0 ,p 0 , υ 0 ,υ 0 , the constant M > 0 exists and satisfies the inequality
for arbitrary τ , h and for all t n ∈ω τ .
For simplicity of the further investigations, we suppose that the boundary conditions are homogeneous, i.e., µ 1 (t) = µ 2 (t) = 0, 0 < t T . From the problem for perturbations δr i , δs i it follows that for obtaining a priory estimate (4.9) the difference derivatives r hx ,s hx have to be estimated. Using the technique of stability investigation for nonlinear difference schemes proposed in [2] , it is possible to prove the following statements. 
Proof. We write the difference scheme (2.9) -(2.11) in the canonical form
We will use the method of induction. From condition (2.4) υ 0 C < c follows. Then on the first time layer t = τ we obtain A 0
On the basis of Lemmas 3.1, 3.2 we get r
Then for the velocity grid function we obtain
Now let us suppose that on the time layer n the condition υ 
takes place. This completes the proof of the theorem. In order to obtain an a priori estimate of the solution of the difference problem (4.6) -(4.8) it is necessary to estimate the difference derivativesr hx ,s hx for the perturbed solution. Differentiating the first equation (4.1) with respect tox and the second equation with respect to x and introducing notations ξ =r hx , η =s hx , we get 3), we get the boundary conditions for the difference scheme (4.11) in the form
Due to inequalities (4.5) the initial conditions for the difference scheme (4.11)
satisfy the following inequalities:
We write the difference scheme (4.11) -(4.13) in the canonical form
The following theorem takes place. 
1. On the basis of Lemmas 3.1, 3.2 we get
From inequalities (4.14) Since for the coefficients of the difference scheme the conditions of Lemmas 3.1, 3.2 are hold, then due to the obtained estimates (4.17) for the derivatives of the perturbed solution we have
Summing estimates (4.21) and (4.22), we get
Applying this inequality sequentially, we obtain
This completes the proof of the theorem. Thus, we have proved the ρ-stability of the difference scheme (2.9) -(2.11) for an arbitrary instant of time T under conditions (2.5), (4.5) . From these conditions, in particular, υ 0 (x) 0,υ 0 (x) 0 follows. However, independent of the smoothness of the input data the nonlinearity of the system of equations can generate various physical effects, such as "gradient catastrophe" or a shock wave [6] . In fact, conditions (2.5), (4.5) denote the absence of domains with large gradients. Therefore, of certain interest is the analysis of the stability of the difference scheme without the above assumptions. In this case, the following statement takes place. 
Summing the obtained estimates, we have
By the mathematical induction method it is possible to show the fulfillment of inequalities
and on the basis of Lemma 3.3 for the first derivatives of the solution of the difference scheme (4.1) -(4.3) the estimate
takes place. Therefore, the derivativesr n hx ,s n hx are bounded according to the norm Q only for the time instant t n < t 0 , where
Summing the estimates for perturbations
we obtain the inequality
Applying this inequality sequentially, we get
This completes the proof of the theorem. When t t n t 0 , then the derivatives become unlimited and it is impossible to prove the difference scheme stability for t t n .
Remark 4.1. Much in the same manner, the uniqueness of the solution of the nonlinear difference scheme (2.9) -(2.11) is proved. The proof is carried out by contradiction. We assume that there exist two solutions (r 1h , s 1h ), (r 2h , s 2h ) that satisfy the difference scheme with the same initial and boundary conditions. Then for the differences R = r 2h − r 1h , S = s 2h − s 1h we get the following system of difference equations with homogeneous initial and boundary conditions:
Using the investigation technique from this section, we can get estimates of the kind
Therefore, the difference scheme has a unique solution.
Investigation of the convergence
In investigating the convergence of the difference scheme (2.9) -(2.11), we will suppose that for the solutions r(x, t), s(x, t) of the differential problem there exist continuous second-order derivatives with respect to the space and time:
(Q T ). Now we introduce the errors of the method ∆r = r h − r, ∆s = s h − s. Substituting r h = ∆r + r, s h = ∆s + s into equations (2.9) -(2.11), we arrive at the following problem: 
Using the Tailor series expansion, it is easy to show that the errors of the approximation ψ 1 , ψ 2 satisfy the following relation:
We now write the difference scheme ( As was shown in Section 4, the inequality |υ n h | < c holds. Then for the coefficients of the difference scheme (5.5), (5.6) the conditions of Lemmas 3.1, 3.2 hold. Therefore, Summing estimates (5.7) and (5.8), we get
Thus, the following theorem takes place. 
holds.
Here the constant c 6 > 0 is independent of h, τ and the approximate solution.
Computating experiment
The results confirming the theoretical conclusions are given below. As a test problem, we considered the system of differential equations (2.1) with homogeneous µ 1 (t) = µ 2 (t) = 0 boundary conditions (2.3) and with the following initial conditions:
Notice that the initial data (6.1) satisfy the obtained sufficient stability conditions (2.4), (2.5), while (6.2) do not.
As evident from Fig. 6 .1, under conditions (2.4), (2.5) the supersonic flows don't appear during the calculation and the solution of the difference scheme (2.9) -(2.11) is stable. When the sufficient stability conditions are violated, unstable solutions can occur, since during the calculation the fluid velocity exceeds the sonic velocity in absolute value |υ h | > c. In this case, the statement of boundary condition become ill-posed [6] . The corresponding initial data and the results of the computating experiment are shown in Fig. 6.2 . The initial data (6.3) satisfy the obtained sufficient stability condition (2.4) and don't satisfy condition (2.5).
The violation of condition (2.5) leads to the appearance of domains with large gradients (Fig. 6.3,b) .
Conclusions
In the present work, the stability of the difference scheme for the equations of a weakly compressible liquid in the Riemann invariants has been investigated. The fundamental difference of the investigation of the stability in the nonlinear case is due to the necessity of additional investigation of the properties of the solution (proof of the existence) and of all difference derivatives entering into the nonlinear part of the difference equations.
A priory estimates of the difference scheme stability in the sense of the initial data have been obtained. The conditions imposed on the initial data to provide a subsonic flow are given. The violation of the conditions obtained leads to supersonic flows or to the appearance of domains with large gradients. The conditions imposed on the input data permit exact determination of the time of destruction of the solution of the initial boundary value problem. The uniqueness of the numerical solution has been proved. The investigation of the uniqueness is completely similar to the stability investigation. The convergence of the numerical solution to the solution of the differential problem the first order of accuracy in space and time has been proved.
The results of the computating experiment have confirmed the theoretical results.
